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The fantastic variation of the physical properties of carbon nanotubes (CNTs) and their bundles under
mechanical strain and hydrostatic pressure makes them promising materials for fabricating nanoscale
electromechanical coupling devices or transducers. In this paper, we review the recent progress in this
field, with much emphasis on our first-principles numerical studies on the structural and vibrational
properties of the deformed CNTs under uniaxial and torsional strains, and hydrostatic pressure. The
nonresonant Raman spectra of the deformed CNTs are also introduced, which are calculated by the
first-principles calculations and the empirical bond polarizability model.
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In the past decade, carbon nanotubes (CNTs) [1−3] had
been extensively investigated due to their special electri-
cal and mechanical properties, as well as their potential
applications in future nano-structured materials, such as
nano-scale quantum wires, single electron and ﬁeld-eﬀect
transistors and sensors.
The single-walled carbon nanotube (SWCNT) is a hol-
low cylinder rolled up from graphite sheet with its diam-
eter of a few to tens of angstroms, and length of several
microns to several millimeters. Its geometrical structure
can be described by a pair of integers (n,m), which de-
termines its radius and chirality, and so entirely its elec-
tronic structure, and optical property. It is known that
the SWCNTs with n−m being a multiple of 3 are metal-
lic, and all others are semiconducting [4].
Since its discovery [1] in 1991 by Iijima, the SWCNT
has been of great interest in nano-scale physics and nan-
otechnology because of its exceptional electronic and me-
chanical properties [5]. Due to its characteristic one-
dimensional (1-D) geometric structure, the SWCNT’s
electron and phonon wave vector are quantized in its
circumferential direction and quasi-continuous along its
tube axis. Also, the Van Hove singularities (VHSs) ap-
pear in both electronic and phonon densities of states
(DOS). The SWCNT’s electronic properties can vary sig-
niﬁcantly, depending sensitively on their diameters and
chiral angles. At the same time, their vibrational proper-
ties also show special behaviors, such as radial breathing
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mode (RBM), rotational mode, and 1-D phonon disper-
sion curves. As a consequence, the Raman spectra of the
SWCNTs show many new phenomena, which are diﬀer-
ent from those of other 3-D materials.
In the recent decades, much attention has been de-
voted to the vibrational properties of the SWCNTs
[6−20]. The low-frequency peaks in their Raman spectra
are attributed to the RBMs (R band), where all carbon
atoms are subject to an in-phase radial displacement. It
is found that the RBM frequency depends only on the
tube’s diameter in an inverse proportion, i.e.,
fRBM = D/dt (1)
where D is a constant and dt is the tube’s diameter. On
the other hand, the higher frequency peaks in their Ra-
man spectra are caused by the out-of-phase vibrations
of the neighboring carbon atoms parallel to the tube’s
surface (tangential modes, T band), which are related to
the E2g(2) phonon mode of ∼1580 cm−1 in the graphite.
In the achiral tubes, one can distinguish two tangential
modes with atomic displacements parallel or perpendic-
ular to the tube axis. More detailed discussions about
the general features of the SWCNT’s vibrational modes
can be found in Ref. [4].
There exists a strong electron-phonon coupling in the
SWCNTs, which greatly enhances their resonant Raman
scattering, and further induces the various Stokes and
anti-Stokes peaks in their Raman spectra. As a result,
the Raman spectrum has become one of the dominant
experimental techniques to detect the diameter-selective
phonon modes and to study the vibrational properties of
the CNTs [7, 21−23]. It is also expected that one can
use Raman spectra to characterize the detailed struc-
tural information of the CNT-based materials, such as
the SWCNTs, the double-walled CNTs (DWCNTs) and
their bundles.
On the other hand, the DWCNT is the simplest type
of multi-walled CNT (MWCNT), which has been made
experimentally by many diﬀerent methods. The nucle-
ation of its inner tube should occur after the growth of
the outer tube according to the “yarmulke mechanism”
[24], implying the inner tube diameter is determined by
that of the outer tube. A DWCNT can be formed by a
pair of inner and outer constituent layers with any chi-
rality, leading to diﬀerent kinds of DWCNTs, such as
metal–metal, metal–semiconductor, or semiconductor–
semiconductor DWCNTs. Early studies on the DWCNT
focused mainly on their stability and electronic struc-
tures, etc. [25−28]. It was shown that the band structure
of a DWCNT depends on the combined conﬁgurations of
its inner and outer tubes [26], but its stability depends
only on its interlayer spacing [25].
The CNTs are usually supported on a solid sub-
strate in the experiments, causing various mechanical
deformations of the CNTs, which lead to corresponding
changes of their electronic structures, demonstrated by
the atomic force microscopy and molecular dynamics cal-
culations [29, 30]. For example, the symmetry breaking
due to the deformation may remove their energy level de-
generacy. And an increased curvature caused by the de-
formation can enhance the σ–π mixing and rehybridiza-
tion. Thus, there have been a lot of experimental and
theoretical researches on the electronic properties of the
deformed CNTs because of their diverse possible appli-
cations, e.g., electromechanical actuators [31].
The resistance of an SWCNT transistor was found ex-
perimentally to vary signiﬁcantly under the tube’s bend-
ing and stretching [32], and an observed torsion of a
metallic SWCNT was speculated to open a small band
gap [33]. On the other hand, several theoretical stud-
ies had been made on the electronic properties of the
deformed SWCNTs under two kinds of strains, i.e., the
uniaxial and torsional [34−39], which had shown that
the band structures of the deformed SWCNTs are deter-
mined by their chiral symmetries and the kind of strains.
It was also found that most of the deformed SWCNTs
show a metal-semiconductor transition, occurring peri-
odically with the increasing strain. Under a uniaxial
strain, the derivative of the band gap over strain is the
largest for the zigzag tubes, decreasing with the increase
of the chiral angle. In contrast, under a torsional strain,
the derivative becomes the largest for the armchair tubes,
decreasing as the chiral angle decreases. In particular,
the armchair tubes under a uniaxial strain and the metal-
lic zigzag tubes under a torsional strain remain metallic
[37, 38].
It is well known that the physical properties of the
CNTs depend much on their geometrical structures, and
so can be easily changed by an applied pressure or strain,
which could be used to fabricate the nanoscale electrome-
chanical coupling devices and transducers. The aim of
this article is to summarize recent advances in the inves-
tigation of the structural, electronic, optical and vibra-
tional properties of the CNTs and CNT bundles under
mechanical deformation and hydrostatic pressure, pay-
ing attention mainly on our researches on them.
This paper is organized as follows. In Section 2, we
ﬁrst review the fundamental theoretical methods to cal-
culate the phonon dispersions and the Raman spectra of
the CNTs, which are the line group theory, the Cumulant
force-constant (CFC) method and the empirical bond
polarizability model (EBPM) to calculate the nonreso-
nant Raman spectra. They actually form the theoretical
foundations of our researches. Then, in Section 3, the
structural phase transitions (SPT) of both SWCNT and
DWCNT bundles under a hydrostatic pressure have been
investigated. And in Section 4, the nonresonant Raman
spectra of the chiral and achiral SWCNTs under tensile
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and torsional strains have been systematically studied
by a combination of the ﬁrst principles calculations and
the EBPM. In the same section, the vibrational proper-
ties and nonresonant Raman spectra of (10, 10) SWCNT
bundle under hydrostatic pressure are studied too, and
speciﬁcally, a radial-breathing-like mode has been found
for the SWCNT bundle after the SPT. Finally, a conclu-
sion is given in Section 5.
2 Model and method
2.1 Line group theory and selection rule
The SWCNT can be formed by wrapping a graphene
sheet into a seamless cylinder, for which, however, there
are inﬁnite possibilities to do so, and each wrapping
causes an SWCNT with a pair of speciﬁc tube radius and
chiral angle. Therefore, a correct symmetric analysis is
the only way to reveal the underlying relationship among
the inﬁnite possible tubes. Especially, the phonon vibra-
tional properties have a closed relation with the system
symmetry, and the selection rules of the infrared (IR)
and Raman spectra can also be derived from the group
theory. In addition, introducing the symmetric analysis
has another important eﬀect on the realistic calculations,
which could reduce the overall computational require-
ments and improve the accuracy.
The most advanced group theory for the SWCNTs is
the line group theory suggested by Damnjanovic´ et al.
[40−44]. By introducing generalized translational oper-
ations, it is found that the full symmetries of inﬁnitely
long SWCNTs form the non-Abelian nonsymorphic line
groups [45], enlarging the groups reported in the litera-
ture [4]. This fact will directly aﬀect the number of the
SWCNT’s IR and Raman active modes [46]. Here, we
cannot say too much about the line group theory, and in-
terested readers can refer to Refs. [40−44]. Instead, here
we will collect only the main results about the selection
rule.
Because the nonresonant Raman spectrum is related
only to the phonons at the Γ (k = 0)-point, we would like
to consider the irreducible representations of the sym-
metric group at the Γ point.
It has been shown [46] that the irreducible represen-
tations of the SWCNT’s Raman active modes are given
by
Γ zigzagRaman = 2A1g ⊕ 3E1g ⊕ 3E2g
Γ armchairRaman = 2A1g ⊕ 2E1g ⊕ 4E2g
Γ chiralRaman = 3A1g ⊕ 5E1 ⊕ 6E2
(2)
Thus, the number of Raman active modes in diﬀerent
kinds of tubes are nzigzagRaman = 2 + 3 + 3 = 8, n
armchair
Raman =
2+2+4 = 8, and nchiralRaman = 3+5+6 = 14. That’s to say,
the number of Raman active modes in the achiral tubes
is only about half of that in the chiral tubes due to their
higher symmetry. It can be expected that the number of
Raman active modes in achiral tubes will increase if the
tube’s symmetry is broken, implying also the appearance
of new Raman active modes. Therefore, it is possible to
use these Raman modes to detect the deformation type
or even the intensity of the deformation in the SWCNTs.
2.2 Cumulant force-constant method
In solid state physics, the phonon dispersions can be de-














where, subscripts of s and t indicate the atomic index in
the unit cell. α and β denote the x, y or z directions, and
q is the phonon wave vector. Ms is the mass of the s-th
atom. ω is the vibrational frequency. Dynamic matrix










is the force constant.
E is the total energy, and R ≡ Rl −Rm is the distance
between the l-th and the m-th unit cell in the Bravais
lattice. uαs (l) stands for the displacement of the s-th
atom in l-th unit cell along the α direction.
In most of the published papers on the SWCNT’s
phonon dispersions, using ab initio calculations, the
low-frequency dispersions were not well obtained due
mainly to the use of the interatomic force-constant (IFC)
method. The reason is that the summation in Eq. (4) is
not really performed over all R in the IFC method. In
many cases, the R must be cut at a modest distance.
Such a treatment makes the frequency of the acoustic
phonon at Γ point to be not exactly zero.
Ye et al. [47] successfully calculated phonon disper-
sions of the SWCNTs and graphite by means of the Cu-
mulant Force Constant (CFC) method [48]. The details
about a comparison between the CFC and IFC meth-
ods are available in their original paper [47]. This is
exactly the method to be used in this work to calculate
the SWCNT’s phonon dispersion. So, it is valuable to
summarize the advantage of employing the CFC method
to calculate the phonon dispersions of the CNTs.
(a) The 1D-like geometrical structure of the car-
bon nanotube makes its physical properties highly
anisotropic, for which it is deﬁnitely necessary to use
the CFC method instead of the IFC one to study its
phonon dispersions. Although the CFC method is still
an approximated one, it keeps both the translational and
rotational symmetries. As a result, the symmetries of
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the dynamical matrices are correct in spite of the fact
that the dynamical matrices are obtained approximately.
Therefore, all the vibrational properties can be repro-
duced correctly by the CFC method. This is the reason
why it is important for an anisotropic system such as the
carbon nanotube.
(b) For the IFC method, one has to take a supercell
large enough to minimize the truncation eﬀect. It is very
computationally time-consuming. At the same time, the
numerical noise in force calculations may become very
serious if a too large supercell is used, which may reduce
the calculation accuracy. On the other hand, because
the CFC method does not need to perform an explicit
truncation on the interatomic interactions, as shown in
Ref. [47], only a very small supercell (1×1×2) is suﬃcient
for the CFC method to calculate accurately the phonon
modes on the Γ and X points at Brillouin zone bound-
ary. This fact is most important for the chiral SWCNTs.
For example, the (12, 4) tube contains 208 atoms in its
unit cell. With the CFC method, we can also aﬀord the
phonon dispersion calculations under a limited hardware
condition.
2.3 Empirical bond polarizability model
The time-averaged power ﬂux of the Raman-scattered
light at a given direction of a solid angle dΩ in a fre-
quency range of ωf and ωf +dωf is related to the diﬀer-
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Here, ωi and ωf are the frequencies of the incident and
scattered light; ω ≡ ωi−ωf is the Raman shift. v and ω
denote the corresponding polarization unit vectors of the
incident and scattered light, respectively. 〈f (ω)〉 is the
Bose factor. n is the atomic index and Mn is the mass of
the n-th atom. α, β, γ, and λ indicate the x, y, or z com-
ponent of the vector. ωj and 〈nδ|j〉 are the frequency and
nδ-component of the j-th mode. The coeﬃcient πnαγ,δ in
Eq. (7) connects the polarization changes to the atomic
motions [49], which is obtained by expanding the polar-











Although it has been shown that the polarizability co-
eﬃcient πnαγ,δ can be calculated within the density func-
tional theory [50], the empirical bond-polarization model
(EPBM) [11, 51, 52] still oﬀers an eﬃcient way to cal-
culate the nonresonant Raman spectra of carbon nan-
























(δαγ rˆβ + δβγ rˆα − 2rˆαrˆβ rˆγ)
(9)
Here, rˆ is the unit vector of the r connecting the
n and m atoms linked by a bond. α and α⊥
represent the static longitudinal and perpendicular















. The values of α, α⊥, α′ and
α′⊥ are given empirically as a function of the bond
length between two carbon atoms. For undeformed
SWCNTs, there is only one type of bonds and the
bond polarizability model is completely deﬁned by
three parameters [11]: α = 2α′





−α′⊥ = 4.0 A˚2, and γ = α−α⊥ = 0.04 A˚3. It
is known, however, that the polarizability parameters of
carbon are similar for a variety of carbon materials. Fur-
thermore, the relative intensities of the Raman modes are
not so sensitive to small changes of the bond polarization
parameter values, except for the lowest E2g mode. Thus,
it is a reasonable approximation to keep the above po-
larization parameters for the deformed SWCNTs. This
approximation leads to a small error in the peak height,
but does not aﬀect the peak positions. In fact, Guha
et al. [52] chose diﬀerent bond polarizability parameters
to calculate the fullerene’s Raman spectra, ﬁnding only
small changes of the relative Raman intensities.
In the following text, the line shape of each peak is
assumed to be Lorentzian and its line-width is ﬁxed at
1.68 cm−1 by default. The tube axis is taken along the
Z direction, and the X and Y directions are taken to
be perpendicular to it. Generally, there are two kinds
of special orientations for the light polarization [11]: the
VV and VH conﬁgurations. In the VV conﬁguration,
the incident and the scattered light polarizations are par-
allel to each other, while they are perpendicular to each
other in the VH conﬁguration. Because the intensity of
the Raman peak is of less interest than its position, which
is determined by the frequency of corresponding phonon
mode rather than the polarization’s orientation, only the
Raman spectra in the VV conﬁguration are presented by
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default.
3 Carbon nanotube bundles under hydro-
static pressure
3.1 SWCNT bundles
Recently, the eﬀect of hydrostatic pressure on the CNT
bundle has attracted much attention in experiments
[53−61], and theoretical calculations [62−71]. It is found
that the Raman peaks of the SWCNT bundles shift
to higher frequencies with increasing hydrostatic pres-
sure, and the radial breathing mode (RBM) disappears
from the spectrum above the critical pressure, showing
a structural phase transition (SPT) at a critical pres-
sure. Elliott et al. [64] reported their classical molecular
dynamics simulations on the SWCNT bundles under hy-
drostatic pressure, ﬁnding the bundle can collapse to a
herringbone structure after the SPT, and their Raman
spectrum measurement showed an excellent agreement
with their simulations. However, Zhang et al. [65−67]
put forward that the stress-induced herringbone struc-
ture is not the most favorable in energy, but found a par-
allel array of the collapsed nanotubes, which is even more
favorable. Yang et al. [69] found that an in-between con-
ﬁguration under the collapse pressure (see Fig. 1), which
is distinct from both the parallel and herringbone struc-
tures found previously, but is almost the degenerate in
enthalpy with
Fig. 1 (a) Loading curve for (10, 10) SWCNT bundle as a func-
tion of hydrostatic pressure. Snapshots of the cross section of a
(10, 10) SWCNT bundle at 3 GPa: (b) The parallel structure,
(c) The in-between structure, and (d) The herringbone structure.
Adapted from Ref. [69] with permission.
the parallel structure. The largest diﬀerence of the en-
thalpy per atom in the three structures is only about
2.4 meV.
The electronic band-structure along the tube’s sym-
metry axis ΓX, for an individual (10, 10) SWCNT and its
bundle at 0 GPa, and the three diﬀerent collapsed struc-
tures at 3 GPa are calculated by the density functional
theory (DFT) in local density approximation (LDA), and
obtained results are given in Fig. 2(a)–(e), respectively
[69]. The intertube van der Waals forces and the struc-
ture deformation break the rotational symmetry of the
SWCNT even at zero pressure, making its energy bands
near Fermi Level split, as shown in Fig. 2(b), which is
diﬀerent from that of an individual SWCNT [Fig. 2(a)]
at the same zero pressure. Although the three collapsed
structures always remain to be metallic, there still ex-
ists a basic diﬀerence between their band structures.
For example, the band structure along the ΓX direc-
tion [Fig. 2(c)] of the parallel structure shows a pseudo-
gap of 0.2 eV at the Fermi Level, and another small one
of 0.08 eV emerges in the electronic band of the her-
ringbone structure [Fig. 2(e)]. However, no pseudo-gap
exists in the band of the in-between structure, in which
the top of the valence band and the bottom of the con-
duction band lie separately at diﬀerent k points without
the pseudo-gap in Fig. 2(d). This kind of band diﬀer-
ences between three collapsed structures comes from the
diﬀerent weak dispersions along the directions perpen-
dicular to the tube axis, caused by the diﬀerent numbers
and relative orientation of the inequivalent tubes in their
unit cells.
Fig. 2 The calculated electronic band structures along the nan-
otube symmetry axis ΓX of (a) an individual (10, 10) SWCNT
at 0 GPa, (b) a (10, 10) SWCNT bundle at 0 GPa, and of three
collapsed structures at 3 GPa: (c) The parallel structure, (d) The
in-between structure, (e) The herringbone structure. Inset of (e)
shows the pseudo-gap at the Fermi level in an energy region of
−0.15 to 0.15 eV. The Fermi level is set at zero. Adapted from
Ref. [69] with permission.
The above changes of the electronic structures in the
three collapsed structures can be well reﬂected in their
optical absorptions, given in Fig. 3. It is known from
Fig. 3(a) that the individual (10, 10) SWCNT has six
absorption peaks polarized along the tube direction (Z
direction). However, for the bundle at zero pressure, the
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original characteristic peaks of the individual SWCNT
are slightly shifted due to the band splitting caused by
the tube-tube interaction in the bundle, as seen clearly
in Fig. 3(b). on the other hand, a strong absorption peak
labeled “0” polarized along tube direction emerges due to
the existence of the pseudo-gap along the direction par-
allel to the ΓX, which had been predicted by Delaney et
al. [72, 73] and further conﬁrmed by a later experiment
[74].
Fig. 3 The calculated imaginary part (absorptive part) of dielec-
tric function polarized along X, Y and Z directions, respectively,
for (a) an individual (10, 10) SWCNT at 0 GPa, (b) a (10, 10)
SWCNT bundle at 0 GPa, and for three collapsed structures at
3 GPa: (c) The parallel structure, (d) The in-between structure,
and (e) The herringbone structure. Adapted from Ref. [69] with
permission.
It is seen clearly from Fig. 3 that there exist larger
diﬀerences among the optical absorptions of the three
diﬀerent collapsed structures, especially in the lower fre-
quency regions, which could be used to identify the dif-
ferent structures experimentally.
On the other hand, it can be found from Fig. 3(b)–(e)
that there exist the large diﬀerences in the optical ab-
sorption anisotropy for the undeformed (10, 10) SWCNT
bundle and other three collapsed conﬁgurations, which
are listed as follows: (1) First of all, the optical responses
polarized along the X and Y directions are almost the
same in magnitude in the undeformed and the herring-
bone structures, but much diﬀerent in the parallel and
the in-between ones, which could be caused by the rela-
tive orientations between the nearest tubes in them. (2)
In addition, it can be found that the optical responses
along the X direction for both of the parallel and in-
between ones are almost the same in magnitude too, but
weaker than that polarized along the Y direction in the
low-energy region, because in both structures the nor-
mal of the ﬂat segment of the collapsed tubes makes an
almost the same angle with X or Y directions. The ﬂat
segment of the collapsed dumbbell-like cross section [see
Fig. 1(b)] looks very similar to the graphite sheet. It
is well known that in graphite, the optical absorption
component polarized perpendicular to the carbon-layer
is much smaller than that parallel to the layer [75]. It
is seen clearly from Fig. 1(b) and (c) that the Y com-
ponent of the optical absorption in both parallel and
in-between structures has a more parallel component of
the graphite than the X component, which is ﬁnally re-
ﬂected in Fig. 3(c) and (d). The repeated calculations
for other SWCNT bundles with the larger radius [for ex-
ample, the armchair (12, 12), (14, 14), (16, 16), (18, 18)
and (20, 20) tubes] suggested that the ﬂat segments in
their cross sections become the larger and larger with
increasing tube radius, indicating the graphite-like char-
acteristic anisotropy would be more notable in the col-
lapsed SWCNT bundles with larger radii. However, this
character is absent in the optical spectra of the herring-
bone conﬁguration because as seen from Fig. 1(d), its X
and Y directions form an almost the same angle with the
ﬂat segment of the collapsed tubes, so that the X and Y
components of its optical absorptions contain almost the
same amount of the parallel component of the graphite.
As for the vibrational properties, the RBM is the most
important low-frequency mode in the Raman spectra of
a perfect SWCNT, in which all carbon atoms are subject
to an in-phase radial displacement. It was found that the
RBM frequency of an SWCNT is independent of its chi-
ral angle and depends only on its diameter in an inverse
proportion. Theoretical nonresonant Raman spectra of a
(10, 10) SWCNT bundle at 0 GPa and its three diﬀerent
collapsed structures at 3 GPa are shown in Fig. 4. From
Fig. 4(a) and its inset, it can be found that the RBM
of the individual SWCNT moves from 177 cm−1 to the
higher energy 205 cm−1 in the undeformed bundle due to
the van der Waals forces between tubes. Meantime, its
low-frequency peak at about 100 cm−1 seen in the inset
of Fig. 4(a) splits, producing several peaks in Fig. 4(b).
After the SPT, it is clearly seen from Fig. 4(b)–(d) that
the Raman spectra of three collapsed structures have
been changed greatly: (1) the whole Raman spectra ex-
tend more widely than before the SPT; (2) more Raman
peaks emerge, e.g., the big distinctive peak at about 300
cm−1; (3) Most importantly, the Raman peaks shift to
higher frequencies. In the Raman frequency range from
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180 to 350 cm−1, the detailed analysis on the vibrational
modes of the Raman peaks was done, but no RBM-like
mode is found, i.e., the original RBM of the undeformed
structure disappears from this frequency region, which is
well consistent with the experimental results [56, 57].
Fig. 4 The calculated nonresonant Raman spectra of (a) a (10,
10) SWCNT bundle at 0 GPa (its inset shows that of an individ-
ual (10, 10) SWCNT), and of three collapsed structures at 3 GPa:
(b) The parallel structure, (c) The in-between structure, and (d)
The herringbone structure. Adapted from Ref. [69] with permis-
sion.
All these changes in the Raman spectra are caused
by the large diﬀerences between their structures before
and after the SPT, leading to much diﬀerent normal vi-
brational modes after the SPT. Speciﬁcally, the vibra-
tional mode analysis revealed that there are two main
diﬀerences in them: ﬁrst, a distinct Raman peak at 177
cm−1 (quadrupole vibration mode) in the parallel struc-
ture disappears from the corresponding spectrum range
of the herringbone structure, in which, however, the
quadrupole vibrations induce two strong Raman-active
peaks at 115 and 136 cm−1 due to coupling with other
vibration modes in low-energy region. Second, some Ra-
man peaks appear below 100 cm−1 in the herringbone
structure, which should be mainly produced by the rel-
ative vibrations between two inequivalent tubes in its
unit cell. Therefore, these results indicate that the three
collapsed structures can also be distinguished clearly by
their low frequency Raman-active modes.
3.2 DWCNT bundles
Up to now, there are only a few studies of the DWCNT
bundle under the hydrostatic pressure, among which the
Raman measurements [53−55] have found that the RBM
intensity of the outer tubes decreases rapidly with in-
creasing pressure, exhibiting a similar behavior to that
of the SWCNT bundles [56−67], in contrast with the
considerably less sensitivity to the pressure for the inner
(e.g., the pressure coeﬃcient of the inner tube is 45%
smaller than that of the outer tube.).
It is found by numerical simulation using the univer-
sal force ﬁeld (UFF) method [70] that there exist three
kinds of the response behaviors to external pressure for
diﬀerent DWCNTs. Their loading curves vs. hydrostatic
pressure are given in Fig. 5(a)–(c), respectively. The two
transition pressures, Pc and Pd, for diﬀerent DWCNT
bundles are listed in Table 1.
Fig. 5 Loading curves for diﬀerent armchair@armchair DWCNT
bundles as a function of hydrostatic pressure. (a) Small-diameter
(5, 5)@(10, 10) DWCNT bundle; (b) Some intermediate-diameter
DWCNT bundles; (c) The larger-diameter DWCNT bundles.
Adapted from Ref. [70] with permission.
First, for small-diameter (5, 5)@(10, 10) DWCNT
bundle, a small discontinuous volume change appears at
P = 18.01 GPa, accompanied by a cross section’s change
between two deformed hexagons, as seen from Fig. 5(a).
At the same time, the inter tube (5, 5) could not collapse
with a minimum distance of 4.35 A˚ between its two op-
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Table 1 Calculated critical transition pressure Pc and Pd of
DWCNT bundles. Rave is the average value of the inner and outer
tube’s radius in the isolate DWCNT directly rolled up from the
ideal graphene sheet. The suﬃx (NC) means no collapse happens
at this pressure. Adapted from Ref. [70] with permission.
DWCNT bundle Rave Pc Pd
(5, 5)@(10, 10) 5.085 18.01(NC)
(7, 7)@(12, 12) 6.441 10.6
(11, 2)@(12, 12) 6.441 11.51
(9, 9)@(14, 14) 7.797 5.1
(10, 10)@(15, 15) 8.475 4.68
(11, 11)@(16, 16) 9.153 3.19
(12, 12)@(17, 17) 9.831 2.39
(13, 13)@(18, 18) 10.509 2.43
(15, 15)@(20, 20) 11.865 1.25 1.44
(16, 16)@(21, 21) 12.543 1.48
(17, 17)@(22, 22) 13.221 0.97 1.1
(18, 18)@(23, 23) 13.899 0.7 0.99
(19, 19)@(24, 24) 14.577 1.02
(21, 21)@(26, 26) 15.933 0.32 0.7
(7, 0)@(16, 0) 4.502 30.5(NC)
(9, 0)@(18, 0) 5.284 20.24
(11, 0)@(20, 0) 6.067 12.12
(13, 0)@(22, 0) 6.85 7.69
(15, 0)@(24, 0) 7.633 6.61
(17, 0)@(26, 0) 8.416 4.42
(19, 0)@(28, 0) 9.199 2.99
(21, 0)@(30, 0) 9.982 3.61
(23, 0)@(32, 0) 10.765 1.82
(25, 0)@(34, 0) 11.548 1.52 1.55
(27, 0)@(36, 0) 12.331 2.23
(29, 0)@(38, 0) 13.113 0.85 1.13
(31, 0)@(40, 0) 13.896 0.71 0.99
(33, 0)@(42, 0) 14.679 1.01
posite walls, which is larger than the inter-layer distance
of 3.4 A˚ in the turbostratic graphite. If the pressure is in-
creased further, this distance will approach continuously
to 3.4 A˚. On the other hand, simulation indicates that
the loading curve of (5, 5) SWCNT bundle [also shown
in Fig. 5(a)] varied with external pressure is continuous
too and no obvious SPT happens. However, the (10,
10) SWCNT bundle collapses at Pd = 3 GPa, forming a
peanut-shaped cross section with a separation of about
3.4 A˚ between its two opposite parallel walls. Therefore,
it is clear that the existence of an inner (5, 5) tube in-
creases the ability of the outer (10, 10) tube to resist the
applied pressure, so that the (5, 5)@(10, 10) DWCNT
bundle does not collapse at 18.01 GPa.
As for the intermediate-diameter DWCNT bundles,
e.g., the (7, 7)@(12, 12), (9, 9)@(14, 14), (10, 10)@(15,
15), (11, 11)@(16, 16), (12, 12)@(17, 17) and (13,
13)@(18, 18), as shown in Fig. 5(b), it is found that
all of them undergo one SPT and collapse completely.
The simulations reveal the existence of similar collapses
for the (7, 7), (9, 9), (10, 10), (11, 11), (12, 12) and
(13, 13) SWCNT bundles. Taking the (10, 10)@(15, 15)
DWCNT bundle as an example, its collapse pressure
Pd = 4.68 GPa is found to be higher than either that
of (10, 10) SWCNT bundle (Pd = 3 GPa) or that of (15,
15) SWCNT bundle (Pd = 1.3 GPa). This means that
the outer tube acts as a protection shield, and the inner
tube supports the outer one and increase its structure
stability. The obtained results are consistent with the
experimental results [53−55].
However, the response behaviors of the larger-
diameter DWCNT bundles become complex, as shown
in Fig. 5(c). The (16, 16)@(21, 21) and (19, 19)@(24,
24) DWCNT bundles still collapse after one SPT. Sur-
prisingly, the (15, 15)@(20, 20), (17, 17)@(22, 22), (18,
18)@(23, 23) and (21, 21)@(26, 26) DWCNT bundles
undergo two diﬀerent types of SPT with their transi-
tion pressure Pc and Pd respectively, during which their
cross sections change from deformed hexagon ﬁrst to
racetrack and then to peanut shape, and the DWCNT
bundles collapse completely after the second SPT. It
should be noted that the DWCNT bundles exhibit some
small discontinuous volume change between the diﬀer-
ent racetrack-shaped cross sections. Two SPTs and the
racetrack-shaped cross sections could be observed in fu-
ture experiments if the pressure increment is selected
properly.
Furthermore, it is interesting to ask why the racetrack-
shaped cross sections do not appear for the (16, 16)@
(21, 21) and (19, 19)@(24, 24) DWCNT bundles before
their ﬁnal collapse. The simulations reveal that the cross
section symmetry of the outer tubes plays an important
role in the collapse process. It is found that a necessary
condition to form an ideal hexagonal lattice is that the
outer tube itself has a C6 or C3 rotational axis, which
matches to the hexagonal lattice symmetry. Thus, with
increasing pressure, these outer tube’s cross section can
keep a better hexagon before the SPT. More importantly,
these DWCNT bundles only undergo one SPT to reach
the stable collapsed structure no matter how big the di-
ameteris. Therefore, the symmetry of the outer tube is
a very important factor to decide the cross section shape
of the DWCNT under the pressure, and comparatively
the eﬀect of their inner tube is very small.
Structure transformations of zigzag@zigzag DWCNT
hydrostatic pressure, which are found to show a quali-
tatively same response mechanism to external pressure
with the armchair@armchair DWCNT bundles, are indi-
cated in Table 1.
In order to have an insight into the relationship of
the collapse pressure Pd with the DWCNT diameter
and its tube symmetry, Yang et al. [70] introduced the
DWCNT’s average radius Rave, which is deﬁned as an
average value of the outer and inner tube’s radius of
DWCNT. The variation of Pd with Rave for the DWCNT
bundles can be well ﬁtted to∼ 1/R3ave, as shown in Fig. 6.
The reason behind it is simply because the tube-tube
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coupling in a bundle is described by the van der Waals
force, which has only a small eﬀect on the bundle’s col-
lapse pressure. Both the SWCNT and DWCNT can be
described by the continuum elasticity theory as the con-
tinuous hollow cylinders. Therefore, their bundles would
have a similar response to the hydrostatic pressure, and
the only diﬀerence is that the eﬀective radius of DWCNT
is the average of its inner and outer tubes’ radius. On the
other hand, it has been proved by the continuum elastic-
ity theory [76] and the molecular dynamics simulations
[77, 78] that the Pd of an individual SWCNT is inversely
proportional to its cubic radius. Thus, it is reasonable
that the relation of Pd ∼ 1/R3ave appears in the DWCNT
bundle.
Fig. 6 Collapse pressure Pd as a function of the average radius
of DWCNT. Pd can be well ﬁtted to ∼ 1/R3ave. Adapted from
Ref. [70] with permission.
In addition, for the DWCNT bundles, whose outer
tube has C6 or C3 symmetry, the collapse pressure is
found to be larger than the ﬁtted result. This phe-
nomenon is more obvious, especially for the zigzag@
zigzag DWCNT bundles, e.g., the (9, 0)@(18, 0), (15,
0)@(24, 0), (21, 0)@(30, 0), (27, 0)@(36, 0) and (33,
0)@(42, 0). The reason is that both of their outer and
inner tubes have C6 or C3 symmetry, further enhanc-
ing the matching to the hexagonal lattice and increasing
the structure stability of the system. This means the
matching between the DWCNT symmetry and the lat-
tice symmetry can increase the ability of the DWCNT
bundle to resist the applied pressure.
4 Raman modes of the deformed SWCNTs
Recently, the mechanical deformation eﬀect on the
SWCNT’s electronic properties has been successfully
studied by using a simple π electron tight-binding ap-
proximation [37, 38], and some interesting behaviors
have been found, e.g., a symmetry breaking caused
by the deformation lifts the degeneracy of energy lev-
els. Most of the deformed SWCNTs show a metal-
semiconductor transition, occurring repeatedly with in-
creasing strain. Related experimental observations can
be found in Refs. [32−38].
On the other hand, few investigations have been
made on the the vibrational properties of the deformed
SWCNTs. A systematical calculation on the vibrational
modes and Raman spectra of the SWCNTs under a tor-
sional or a uniaxial strain was made in Ref. [79], in which
the Raman intensity is calculated using the eigenvectors
of the vibrational modes, obtained by the ﬁrst-principles
method, and the polarizability parameters are obtained
by the empirical bond polarizability model [11, 52]. It
was found that almost all the predictions from the nu-
merical calculation in Ref. [79] are consistent with the
experimental observations [80−82].
4.1 Raman active modes of the SWCNTs under a uni-
axial tensile strain
First we consider the Raman spectra of zigzag tubes.
It is found that the low-energy modes almost do not
change, but the high-energy ones would shift obviously
under the tensile strain. And the intensities of the Ra-
man active modes almost do not change at all. So, here,
only their frequency shifts under the tensile strain are
given in Fig. 7, where the tensile strain is deﬁned as
e = (T/T0) − 1. Here, T and T0 denote the lengths
of the axial unit cells of the deformed and undeformed
nanotubes, respectively.
It can be clearly seen from Fig. 7 that when the tensile
strain strength increases:
(a) All the Raman modes shift linearly with the tensile
strain strength.
(b) The deformation does not change the number of
the Raman active vibration modes.
(c) The frequencies of the low-energy Raman active
modes (below 1000 cm−1) almost do not change with
the tensile strain strength.
(d) The frequencies of high-energy Raman active
modes (above 1000 cm−1) decrease linearly with the
tensile strain strength, showing two diﬀerent decreasing
slopes for: (i) E1g, and (ii) E2g and A1g modes. Also,
the slopes seem to be insensitive to the tube radius.
The ﬁrst behavior comes obviously from the very weak
tensile strain used here, which makes the force constants
change monotonically with the strain increasing. The
other behaviors can be understood by the following rea-
sons:
(i) The SWCNT’s Poisson ratio σ is equal to about 0.2,
which means the tube radius only decreases by about
1% even if the tube is elongated by 5%. Also, the
low-frequency phonon modes are mainly aﬀected by the
tube diameter, and so their Raman peak positions do
not move much. Especially, the radial breathing mode
(RBM), which is inversely proportional to the tube di-
ameter, is found to do very small shifts (about 1 cm−1)
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Fig. 7 Frequencies of the Raman active modes of the (n, 0) zigzag tubes (n = 6, 8 and 10) under a tensile strain. Adapted
from Ref. [79] with permission. (a) (6, 0); (b) (8, 0); (c) (10, 0).
when the tensile strain strength increases up to 5%.
(ii) The uniaxial tensile strain does not change the
SWCNT’s symmetry, no matter whether the nanotube
is chiral or achiral. According to the group theory, the
number of nonresonant Raman active modes is only de-
termined by the irreducible representations of the sym-
metric group, which also do not change under the ten-
sile strain. Thus, the number of Raman active modes in
the uniaxially deformed nanotubes should be exactly the
same as that in the undeformed nanotubes.
(iii) The bonds parallel to the tube axis will be elon-
gated when the tensile strain is applied. For the higher-
frequency Raman modes, the vibrations are sensitive to
the local bond structure, especially its length. When
the bond length is elongated, the interaction between
two nearby atoms will become weaker, leading to the
smaller force constants, which makes the frequency of
corresponding Raman mode become smaller.
The last characteristic in (d) has been found in the
graphite system [83]. Following Ref. [83], we also calcu-
lated the Gru¨neisen tensor elements (GTEs):
κ = − d lnω
d ln(1 + e)
(10)
where ω is the frequency of Raman active modes, and e
is the tensile strain. The GTEs vs the tube index n of
the zigzag tubs are plotted in Fig. 8, in which the same
ﬁtting function for the GTEs are also given, written as:













After making a simple least-squares ﬁt, ﬁnally we can
obtain κE1g (r →∞) = 0.897, κA1g (r →∞) = 2.05, and
κE2g (r →∞) = 1.95, which can be checked by future
experiments. This also oﬀers a powerful experimental
tool to determine the tensile strain strength, i.e., by de-
tecting the Raman-active modes in the undeformed and
deformed SWCNTs, one can easily estimate how big the
applied tensile strain is.
Fig. 8 The GTEs of the highest three Raman active modes for
diﬀerent size zigzag tubes (n, 0), (n = 6, . . . , 11), which are ob-
tained by ﬁrst-principles calculations. The lines are ﬁtting results
(see text). Adapted from Ref. [79] with permission.
Now, we turn to other types of SWCNTs to study their
Raman modes under a uniaxial strain. The frequencies
of the Raman active modes for some armchair and chiral
tubes under the tensile strains are shown in Fig. 9, from
which one can ﬁnd the same key characteristics as those
in the Raman spectra of the zigzag tubes. The reason
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Fig. 9 Frequencies of the Raman active modes of some armchair and chiral SWCNTs under the tensile strains. (a) (5, 5),
(b) (6, 6), (c) (12, 4). Adapted from Ref. [79] with permission.
should be the same as that for the zigzag tubes.
The GTEs of these tubes are also calculated. It
is noted that the GTEs of the high-frequency Raman
modes of armchair tubes can also be divided into two
groups, and their values are very close to those of the
zigzag tubes. For example, for the (6, 6) tube, κE1g =
2.35, κA1g = 0.861, and κE2g = 0.794. And for the (12,
4) tube, the GTEs of its six highest frequency Raman
modes are: 2.25, 2.27, 2.28, 0.994, 0.907 and 0.846. So, it
is very possible that there are only two kinds of the GTEs
for the high-frequency Raman modes in any SWCNT. In
fact, detailed analysis [79] shows that those modes with
the larger GTEs are the tangential with atomic displace-
ments parallel to the tube axis, and those modes with
the smaller GTEs are the tangential with atomic dis-
placements perpendicular to the tube axis.
4.2 Raman active modes of the SWCNTs under a tor-
sional strain
We have also studied the torsional strain eﬀect on the
SWCNT’s Raman modes. Here, we take three kinds of
the SWCNTs with diﬀerent chiralities, which are arm-
chair (5, 5), zigzag (10, 0) and chiral (12, 4) tubes.
The torsional angle γ is deﬁned in a similar way to that
in Refs. [37, 38], i.e., it makes any point of (rc, rt) on
the 2-D projection plot of the tube surface to move to
(rc − tan γrt, rt). After structure relaxation on both the
lattice constant along the tube axis and the atomic posi-
tions, we can ﬁnally obtain a reasonable tube structure,
which can be used further for the ﬁrst principles calcu-
lations. Because of the symmetry, we only consider the
case of positive γ for the armchair and zigzag tubes.
The frequencies of Raman active modes for three dif-
ferent SWCNTs under the torsional strains are shown in
Fig. 10. Also, the high-frequency part of the (12, 4) tube
is presented in Fig. 11.
Compared with the tensile strain situation, we can ﬁnd
their several key characters:
(a) The low-frequency Raman active modes almost do
not change.
(b) Some high-frequency modes are red-shifted and
some others are blue-shifted.
(c) The Raman frequencies are not symmetric with
respect to the positive and negative torsional strains.
(d) The number of Raman active modes changes under
the torsional strain.
In fact, the ﬁrst characteristic can be explained by the
same reason as that under the tensile strain. For exam-
ple, the radius of the optimized (12, 4) tube changes only
about 0.2% when the torsional strain increases up to 6◦.
The two bonds mirroring each other with a σv sym-
metry will be elongated and shortened, respectively, un-
der a torsional strain. As a result, some force constants
decrease and some others increase under the torsional
strain, thus making some Raman modes red-shifted, and
some others blue-shifted.
The ﬁnal characteristic should be ascribed to the sym-
metry breaking due to the torsional deformation. It is
natural that the torsional strain will lower the symme-
tries of the SWCNTs, especially of the achiral SWCNTs,
inducing some new Raman modes in the frequency range
of about 400 cm−1 for the zigzag tube, which would be
originally prohibited by the symmetry restriction of the
undeformed SWCNTs.
In order to investigate the eﬀect of torsional strain on
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Fig. 10 Frequencies of Raman active modes vs. torsional strains for three SWCNTs. (a) (5, 5), (b) (10, 0), (c) (12, 4).
Adapted from Ref. [79] with permission.
Fig. 11 Frequencies of high-frequency Raman active modes vs
torsional strains for (12, 4) tube. Adapted from Ref. [79] with
permission.
the high-frequency Raman modes, their GTEs are calcu-





where ω is the frequency of Raman-active modes, and









, which is taken from Ref. [83].
The κt of the highest 4 Raman-active modes for the (5,
5) tube are found to be −26.73, −26.52, 19.85 and 15.65,
respectively, and κt of the highest 5 Raman-active modes
for the (10, 0) tube are −13.68, −30.68, −28.37, 17.95
and 19.80, respectively. Because of the complexity of the
high-frequency Raman modes of (12, 4) tube, here we
only consider its two most intense modes lying at about
1600 cm−1, whose κt are −32.29 and 14.03, respectively.
One can ﬁnd that these values do not obviously relate
to each other, which is diﬀerent from the case under the
tensile strain. Therefore, more investigations should be
done to ﬁnd the intrinsic mechanism to cause the shifts
of the Raman-active modes under a torsional strain.
Finally, it can be found from Fig. 11 that the Raman
frequencies are not symmetric for the positive and neg-
ative torsional strains for the (12, 4) tube. This is a
natural result since the (12, 4) tube is a chiral SWCNT.
So, if the future experiments are made to study the tor-
sional deformation of the SWCNTs , it is valuable to pay
more attention to the torsional direction.
4.3 Radial-breathing-like mode of the collapsed
SWCNT bundles under a hydrostatic pressure
Recently, the eﬀect of hydrostatic pressure on the CNT
bundle, especially its Raman spectra, has attracted much
attention experimentally [56, 57, 59, 84−87] and theoret-
ically [16, 88]. Kahn et al. [16] studied the dependence of
the Raman modes on the hydrostatic pressure for diﬀer-
ent nanotubes, and found that their shifts under the pres-
sure diﬀer from the corresponding ones of the graphite. It
is found in Refs. [56, 57, 59] that the RBM shifts towards
higher wavenumbers with increasing hydrostatic pressure
at a rate of 7∼10 cm−1GPa−1. Refs. [57, 84] reported
that before a structural transition at near 2 GPa, the
tangential modes exhibited essentially the same pressure
dependence of 5.7–5.8 and 5.3–6.1 cm−1GPa−1, respec-
tively. The intensity and broadening of R band decrease
with increasing pressure and ﬁnally the RBM vanishes
above a critical pressure [56−59], showing a structural
phase transition (SPT) at this pressure. Meantime, the
Raman spectra [56], in situ synchrotron X-ray diﬀraction
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Table 2 The frequencies of some characteristic Raman active modes and their pressure dependencies. The ωexpt and ωtheor denote
the experimental and theoretical Raman frequencies of the structure at 0 GPa, respectively. Adapted from Ref. [89] with permission.
Structure RBM T band
region ωexpt dωexpt/dp ωtheor dωtheor/dp ωexpt dωexpt/dp ωtheor dωtheor/dp
Before 1566 6.1 1583 9.3
SPT 181 10.1 205 9.0 1571 11.0 1598 13.0




data [60] and the optical absorption spectra [61] showed
that the changes of both the geometrical structure and
optical properties are reversible upon unloading the pres-
sure. Sluiter and Kawazoe [62, 63] used the continuum
model to calculate the complete phase diagram of the
CNT bundle under a hydrostatic pressure. Their results
indicate that if considering stable states only, the tube’s
cross sections in a (10, 10) SWCNT bundle round up to
1.9 GPa, and become racetrack-shaped between 1.9 and
6.0 GPa. More details about this hydrostatic pressure
eﬀect on the Raman modes can be found in the review
article [88].
We carried out a series of numerical calculations to
study the hydrostatic pressure eﬀect on the Raman ac-
tive modes of the (10, 10) SWCNT bundle [89]. Signif-
icantly, an RBM-like mode appears at about 509 cm−1,
which could be considered as a ﬁngerprint of the SPT
happened in the SWCNT bundle. Thus the RBM-like
mode can be further used to determine experimentally
the microscopic structure of the SWCNT bundle after
the SPT.
In all the structures, the Raman frequencies were
found to increase with increasing external pressure. The
pressure dependence are summarized in Table 2, in which
the experimental data taken from Ref. [57] are also pre-
sented. From Table 2, we can ﬁnd that although the
ﬁrst-principles calculation overestimates the Raman fre-
quency systematically, it can reproduce most of the ex-
perimental dependence of the Raman frequency on the
hydrostatic pressure. Therefore, we can use the ﬁrst-
principles results to further investigate in detail the vi-
brational modes of the (10, 10) bundle under hydrostatic
pressure.
The optimized structures of a (10, 10) SWCNT bun-
dle under diﬀerent hydrostatic pressures are shown in
Fig. 12. As the pressure increases, the tube’s surface de-
formation energy increases, and the intertube distance
decreases, increasing the van der Waals (vdW) energy.
When the pressure increases up to a critical value, it
becomes energetically favorable to reduce the tube’s in-
ner volume rather than simply reduce the intertube dis-
tance, thus making the system undergo an SPT, and the
tube spontaneously collapses to form a peanut-like cross-
section, which is consistent with the recent molecular
dynamics simulations [64] and continuum model anal-
ysis [62, 63]. Such a kind of structural change should
exhibit some important characteristics in the vibrational
properties of the SWCNT bundles.
The rotational mode (A), and the RBM or RBM-
like mode (B) of the SWCNT bundle at 0.45, 2.8 and
5 GPa are given in Fig. 12(a)–(c), respectively. First,
in Fig. 12(a), one may notice that the tube’s cross-
section is not a perfect circle. This is because the ro-
tational symmetry of the (10, 10) tube is incompati-
ble with the hexagonal lattice symmetry in the corre-
sponding bundle, making the tube’s cross-section de-
formed slightly. Second, the atomic motions in the
rotational mode (A) before and after the SPT are al-
ways almost along the tube surface, but its frequency
cannot remain zero because of the non-circular cross-
section and the tube-tube interaction. This mode is
IR active, making it observed possibly in the IR spec-
tra. In addition, because of the hexagonal symmetry of
Fig. 12 Some characteristic vibrational modes of the SWCNT
bundle: (a) at 0.45 GPa before the SPT, (b) at 2.8 GPa after
the SPT, and (c) at 5 GPa. The small circles represent the carbon
atoms and the straight lines between them indicate the bonds. The
arrows represent the atomic motions. Deeper color arrow means
the corresponding atom is nearer to the reader. r is the radius of
its two circular ends. Adapted from Ref. [89] with permission.
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the unit cell in the bundle, the atomic motions in the
RBM are not the same for every atom, as seen from
Fig. 12(a), which exhibit approximately the hexagonal
symmetry too, indicating that the RBM frequency in
the SWCNT bundle will not be the same as that in the
isolated SWCNT.
Special attention should be paid to the mode (B) of
509 cm−1 at 2.8 GPa after the SPT in Fig. 12(b). In
this mode, most of the atomic motions on the two ends
are perpendicular to the tube surface, showing in-phase
vibrations, but the atoms’ motions in the ﬂat region are
along the tube surface. This mode also exists at 5 GPa,
as shown in Fig. 12(c), which can be regarded as an
RBM-like mode appearing only after the SPT of the bun-
dle. In fact, a previous researcher also found a similar
mode in a capped SWCNT [90], which comes from a
mixing of the RBM of the C60 hemisphere and the tan-
gential mode of capped SWCNT. Because most of the
atomic motions in the mode are in-phase, this RBM-like
mode has a large Raman intensity, as shown in Fig. 13,
making it observable in the experimental Raman spectra
of the bundle after the SPT.
Fig. 13 The nonresonant Raman spectra of (10, 10) bundle at
diﬀerent pressures. From bottom to top, the external pressure is
0 , 0.45, 2.8 and 5 GPa, respectively. The frequencies of the RBM
and RBM-like modes are labeled. Adapted from Ref. [89] with
permission.
It is well known that the RBM frequency is inversely
proportional to tube diameter [see Eq. (1)]. To exam-
ine further the RBM-like mode in Fig. 12(b), we have
calculated the radius of the circular end in Fig. 12(b),
which is found to be r =
dt
2
≈ 2.26 A˚. After taking D =
228 nm/cm−1 from Ref. [57], which was also obtained by
the ﬁrst-principles method, one can obtain fRBM = 504.4
cm−1. This value is very close to our ﬁrst-principles re-
sult of 509 cm−1, and a diﬀerence of only several cm−1
comes from the tube-tube interactions. In order to make
a more accurate comparison between them, we directly
take out one isolated tube from the collapsed bundle at
2.8 GPa, and then calculate the frequency of its RBM-
like mode, which is found to be 501 cm−1. Thus, a very
good agreement between the normal mode frequency of
an isolated tube and the RBM of an equivalent SWCNT
composed of the circular ends of a collapsed tube in the
bundle has been obtained, indicating that the normal
mode (B) in Fig. 12(b) can indeed be considered as an
RBM-like mode of the tube bundle after the SPT. It is
valuable to mention that the appearance of this RBM-
like mode indicates the existence of the two circular ends
for the tubes in the bundle after the SPT, which further-
more can be regarded as a ﬁngerprint of the SPT. More
importantly, the frequency of this RBM-like mode is only
determined by the radii of the two circular ends, and so
is mainly inﬂuenced by the external pressure, but not
the radius of the original tube. As shown in Fig. 12(c),
when external pressure increases to 5 GPa, the frequency
of the RBM-like mode is changed to 519 cm−1. So this
mode can also be used to determine experimentally the
microscopic structure of the bundle after the SPT, no
matter what kind of SWCNT bundle is used originally.
Another interesting Raman-active normal mode (C) in
Fig. 12(b) is a quadrupole vibration mode, which often
has a strong intensity in the Raman spectra of clusters.
Also, the lowest E2g Raman active mode of the SWCNT
is also a quadrupole mode. The similarity between these
modes may imply that the mode (C) originates from the
lowest E2g Raman active mode of the SWCNT. In other
words, the E2g-like modes of the two circular ends would
combine together to give the mode (C) in Fig. 12(b),
which could be understood by the following argument.
It is known that the frequency of the SWCNT’s lowest
E2g Raman active mode is inversely proportional to its
squared diameter, i.e., f ∝ d−2t [12]. Taking the radius
of the circular ends to be r =
dt
2
≈ 2.26 A˚, its E2g mode





× 17 ≈ 154 cm−1,
where the radius of (10, 10) tube is equal to r(10,10) ≈
6.8 A˚, and 17 cm−1 is the E2g mode frequency of the
isolated (10, 10) SWCNT. After considering the up-shift
of the frequency induced by the intertube interaction,
this value is compatible with the mode frequency of 177
cm−1, given in Fig. 12(b). So, this mode could also be
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observed in future Raman experiments.
Next, the mode (D) of 143 cm−1 in Fig. 12(b) is mainly
contributed by the out-phase motions of the nearby ﬂat
walls, which can be regarded as the B2g mode of the
graphite with its frequency of 127 cm−1. But now due
to pressure eﬀect, its frequency increases to 143 cm−1.
When pressure increases up to 5 GPa, the frequency of
this mode further increases to 193 cm−1.
5 Conclusions
The structural and vibrational properties of the SWCNT
bundles and DWCNT ones under the hydrostatic pres-
sure have been investigated by the ﬁrst principles
method. It is found that there exist three diﬀerent
collapsed structures for the SWCNT bundle, i.e., the
parallel, herringbone and in-between structures, show-
ing diﬀerent electronic, optical and vibrational proper-
ties their, by which an eﬃcient experimental method is
proposed to distinguish unambiguously the three diﬀer-
ent collapsed structures. The structural transformations
of the DWCNT bundles under the hydrostatic pressure
are found to be diﬀerent from those of the SWCNT bun-
dles and the isolate DWCNT. The DWCNT bundles can
exhibit one or two structural phase transitions (SPTs),
depending on their symmetry and tube’s diameter in the
bundle.
The nonresonant Raman spectra of the SWCNTs un-
der uniaxial and torsional strains are systematically stud-
ied using the ﬁrst-principles calculations and the EBPM.
It is found that the frequencies and the intensities of
the low-frequency Raman-active modes almost do not
change under the uniaxial tensile strain, while their high-
frequency part shifts downward linearly with two diﬀer-
ent slopes for any kind of SWCNTs. By investigating
the Gru¨neisen tensor elements (GTEs), it is shown that
there is a common feature for the Raman shift of all
kinds of the SWCNTs. Moreover, a universal formula of
the GTEs is suggested. On the other hand, it is found
that although the frequencies and the intensities of the
low-frequency Raman-active modes still change very lit-
tle under the torsional strain, some of the high-frequency
modes are red-shifted and some others blue-shifted. The
reasons behind all these phenomena have been discussed.
Finally, it is found that the shifts of the Raman frequen-
cies of the chiral SWCNTs are not symmetric under the
positive and negative torsional strains. Therefore, it is
valuable to pay more attention to the torsional direction
in future experiments.
The vibrational modes of the (10, 10) SWCNT bundle
under the hydrostatic pressure are studied in detail by
using the ﬁrst-principles calculations. It is found that
its vibrational modes, especially after the SPT, are very
diﬀerent from those without the applied pressure. Sev-
eral important results are obtained, e.g., disappearance
of the original RBM, and the appearance of an RBM-
like mode and a quadrupole vibrational mode after the
SPT, which can be considered as a ﬁngerprint of the
happened SPT, and used to measure accurately the mi-
croscopic structure of the SWCNT bundle after the SPT
in future experiment.
Finally, we should mention that it would be very in-
teresting to determine experimentally the structural and
vibrational characteristics of the deformed CNTs and
CNT bundles, found above theoretically.
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